We investigate the dynamics of classical spins mapped as walkers in a virtual 'spin' space using a generalised two-parameter family of spin models characterized by parameters y and z [M. J. de Oliveira, J. F. F. Mendes and M. A. Santos, J. Phys. A Math. Gen. 26, 2317Gen. 26, (1993]. The behavior of S(x, t), the probability that the walker is at position x at time t is studied in detail. In general S(x, t) ∼ t −α f (x/t α ) with α ≃ 1 or 0.5 at large times depending on the parameters. In particular, S(x, t) for the point y = 1, z = 0.5 corresponding to the voter model shows a crossover in time; associated with this crossover, two timescales can be defined which vary with the system size L as L 2 log L. We also show that as the voter model point is approached from the disordered regions along different directions, the width of the Gaussian distribution S(x, t) diverges in a power law manner with different exponents. For the majority voter case, the results indicate that the the virtual walk can detect the phase transition perhaps more efficiently compared to other non-equilibrium methods.
I. INTRODUCTION
Non-equilibrium behavior associated with domain coarsening phenomena in classical spin models below the critical temperature are usually understood by studying the dynamics of domain growth, correlation functions, persistence probability etc. [1] [2] [3] [4] . For a long time it was believed that a single length scale (or time scale) governed the dynamics of the system: the domains grow as t 1/z and the same exponent z dictates the dynamics of other relevant quantities like correlation function, number of spin flips, magnetization etc. Much later, the persistence probability P (t), defined as the probability that a spin does not flip till time t was shown to behave also as a power law. However, the associated exponent was found to be unrelated to other known exponents, either static or dynamic. More recently, in the generalised voter model in two dimensions, the presence of two time scales was found numerically [5] for a certain parameter range. It is therefore interesting to extend the studies in dynamical phenomena to see whether other time scales and independent exponents exist.
In certain cases it is possible to map the dynamics of coarsening to a different system, e.g., in one dimension, the dynamics of the Ising model is equivalent to that of interacting (annihilating) diffusive random walkers. For the Voter model in any dimension, mapping to coalescing random walks is possible [6] . In this paper we use the concept of a virtual walker which is related to the dynamics of the spins and call it a walk in the the spin space, when the spin system undergoes a domain coarsening. Some aspects of this walk has been studied in different systems earlier [7] [8] [9] [10] [11] and we explore its role further using a two parameter family of classical spin models in two dimensions. Virtual walks have been considered in systems other than spin models also, e.g. to study the stochastic properties, nucleotide sequences in a DNA was mapped onto a walk [12] . For financial data, a random walk picture was introduced as early as in 1900 by Louis Bachelier [13] . Later, similar walks were studied for mod-00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 els of wealth exchange [14, 15] .
In section II, we have described the models and the related walk in detail with a brief review of earlier works. The results obtained are presented in section III and the analysis of the results are made in the following section. In the last section, we present a summary of the work with some conclusive statements.
II. THE WALK AND THE MODELS
We numerically simulate classical spin models on L × L square lattices and start with a completely random configuration. One Monte Carlo Step (MCS) comprises L 2 updates and random asynchronous updating rule was used. In each of these updates, a spin is chosen randomly and updated according to a certain rule; the spin will either remain in the original state or flip. To each of the spins in the lattice space we associate a walker in a so called virtual spin space (one dimensional), which is allowed to move one step towards the 'right' or 'left' according to the following convention: the walker moves to the right (left) if the corresponding spin is in up (down) state after the completion of one MCS. The displacement x of the walker is in the virtual space; the initial position is x(t = 0) = 0 by definition. It is easy to identify x with the sum σ(t) where σ = ±1 are the two states of the spin variables. It is to be noted here that the real space position coordinates of the spins in the lattice and x, the displacement of the walkers in the virtual space are uncorrelated.
The probability distribution S(x, t) for the position x of the walkers at time t is estimated. The range of x is −t ≤ x ≤ t; the extreme values x = ±t correspond to spins which have never flipped from the initial up/down state. In fact P (t) = S(−t, t) + S(t, t) and because of up/down symmetry of the system, one can write S(±t, t) = 1 2 P (t). We briefly discuss here the earlier works in which the distribution S(x, t) has been studied. In [7] , the distribution for Brownian motion, Ising model in one dimension and Voter model in two dimensions had been considered. As the distribution is related to the persistence property, several studies have been aimed at obtaining the persistence exponent and related dynamical quantities [9] [10] [11] . The nature of the distribution at different temperatures for the two dimensional Ising models has been studied to show that it changes as one crosses the phase transition point [16] . In the present work, our aim has been to extract as much information of the systems as possible from the nature of S(x, t); several observations which have not been encountered earlier like crossover behaviour in time and related timescales, divergences related to the width of the distribution etc. are reported. The efficiency of detecting a phase transition using S(x, t) compared to other methods has been also discussed.
The studies are restricted to the non-equilibrium regime; this is because if the system reaches a steady state (either equilibrium or non-equilibrium), the walker will simply continue in the same direction forever.
We have considered a generalised two-parameter family of spin models with up-down symmetry on a square lattice [17] to study the walk dynamics. The system undergoes single-spin flip stochastic dynamics. The spin flip probability is given by
Here, σ i = ±1 is the spin variable at the i-th lattice site and σ = δ σ i+δ is the sum of the four neighbouring spins of σ i . The function F i (σ) is defined as F (0) = 0, F (2) = −F (−2) = z and F (4) = −F (−4) = y, and the parameters z and y are restricted to z ≤ 1 and y ≤ 1. We focus our studies on three different lines in the z-y parameter space ( In general, we have attempted to fit S(x, t) to a familiar scaling form:
Here α indicates the exponent relevant for the walk, e.g. for a diffusive walk, α = 0.5, while for a ballistic walk, α = 1.
III. DISTRIBUTION FUNCTIONS S(x, t)
The behaviour of the probability distribution S(x, t) for different values of z and y is discussed in this section.
The y = 1 line shows different behaviour of S(x, t) in the three regions z < 0.5, z = 0.5 and z > 0.5, discussed separately in the following subsections. S(x,t) x t=2500 t=4000 t=6000 t=8000 t=10000 t=12000
FIG. 4:
Crossover of the probability distribution S(x, t) curves from a single peaked to a double peaked form for z = 0.5, y = 1 is shown for L = 64. As time increases, the transition from single peaked form to double peaked form is shown.
The distributions S(x, t) in this region are Gaussian in nature, just as one expects in a usual random walk scenario. The scaling form obeyed by S(x, t) for all values of z between 0 and 0.5 is
i.e. α = 0.5 ( Fig. 2(a) ) and f 0 (X) = exp(−βX 2 ), where β depends on z. While x ∼ t 1/2 for the entire region, the width of the Gaussian form increases with z. It is possible to fit the widths in the form (0.5 − z) −µ1 with µ 1 = 0.62 (Fig. 3) .
This point which corresponds to the Voter model leads to the most interesting results.
Here S(x, t) changes its behaviour markedly as time progresses. During early times, it shows a single peaked behaviour which, however, is non-Gaussian. For a system size of 128×128, the data collapse for different times (Fig.  2b) could be obtained in the form given in Eq. (2) with α ≃ 0.91. The scaling function is fitted to the form
Keeping b = 1.75, the best fit is obtained with a = 0.201 (with an error ∼ 10 −4 ), and c = 1.38 ± 0.002. As S(x, t) is vanishingly small beyond X = 1.75, b was kept fixed at 1.75.
At larger timescales one can observe a crossover from the centrally peaked distribution to a double peak shaped distribution, where the position of the two peaks are symmetric about the origin. The peaks occur at larger values of x (Fig. 4) as t increases.
At large values of t, where the system is still not in equilibrium, the double peak shaped curves cannot be with time for L = 48 system for z = 0.5, y = 1. Inset shows the variation of τ0 and τ1 with system size L. fitted according to Eq. (2) or any other simple form. The transition from the single peaked form at earlier times to double peak shaped form at later times is gradual; the peak at x = 0 goes down while secondary peaks start growing with time.
To characterize this crossover behavior, we estimate the ratio r = S(x = 0, t)/S max (t). S max (t) is defined as the maximum value of the curve S(x, t) (x includes 0). A study of the variation of r with time (Fig. 5) shows that it remains close to unity till a time τ 0 , then vanishes exponentially for t > τ 0 . While τ 0 is the timescale up to which the transient (single peaked) behaviour of S(x, t) is observed, another timescale τ 1 may be defined as r decreases as exp(−t/τ 1 ) beyond τ 0 .
The study of τ 0 and τ 1 with system size L (inset of Fig.  5) shows that both vary with system size L as L 2 log L to fairly good accuracy. Precisely, τ 0 ∼ L 2.03±0.04 log L and τ 1 ∼ L
1.91±0.066 log L. S(x,t)
FIG. 8: S(x, t) curves obtained at t = 10
4 for L = 128 for different values of z = y. As the value of z increases, transition occurs from single peaked form to double peaked form.
z > 0.5, y = 1
In this region one finds that S(x, t) shows a 'U' shaped behavior at all times and a data collapse can be obtained using Eq. (2) with α = 1. Fig. 6 shows the case for z = 0.8 as an example.. For the Ising model (z = 1), the 'U' shaped distribution had been noted earlier [16] . Also, by fitting the tips of the distribution to the form t −θ 2d one can recover the persistence exponent θ 2d ≈ 0.22 (shown in the inset of Fig. 6 ). For the intermediate region, 0.5 < z < 1.0, the power law behaviour of persistence can be obtained asymptotically only [5, 18] and therefore a fitting of the tips with a power law form does not work too well.
B. z = y
The z = y line corresponds to the majority vote model [19] . Here S(x, t) for walkers show a Gaussian form up to z = y ≈ 0.85 (Fig. 7a) and the width of the Gaussian function increases with z.
For higher values of z, the Gaussian nature is replaced by double peak shaped curves (Fig. 8 ). An approximate data collapse for z = y > 0.85 using Eq. (2) with α = 1 is obtained in this region (Fig. 9) . S(x,t)t x/t t=2000 t=4000 t=6000 t=8000 t=10000 FIG. 9: Approximate data collapse for S(x, t) with z = y = 0.88 for a system size of 128 × 128.
The probability distribution curves for the position of the walkers keeping z = 0.5 and varying y (Fig. 7b) shows a Gaussian scaling form for y = 1. The width of the Gaussian function shows an increase with y. Again, one finds a divergence of the width close to y = 1 in the form (1 − y) −µ2 with µ 2 = 0.23. The y = 1 point is already discussed in section IIA.
IV. ANALYSIS OF THE RESULTS
As mentioned in section I, we first check the consistency of S(x, t) with the persistence probability. Persistence probability P (t) can be related to S(x, t) as S(x = t, t) = 1 2 P (t). From this, it follows that systems for which S(x, t) shows a Gaussian form, i.e. S(x, t) ∼
, the persistence probability will have a form P (t) ∝ S(x = t, t) ∼ 1 √ t exp(−βt) which at large times is dominantly exponential. The Gaussian behavior was seen for three regions; z < 0.5 along the line y = 1, z = y ≤ 0.85 along the line z = y and for z = 0.5 with y < 1. Indeed the persistence behavior in these particular cases show an exponential decay; some examples are shown in Fig. 10 .
The regions where S(x, t) is non-Gaussian, one can still attempt to obtain the persistence behaviour by fitting S(x = ±t, t). For example, for z = y = 1 where S(t, t) has finite values, the known algebraic form P (t) ∼ t
−θ 2d
can be fit as shown in the inset of Fig. 6 . For z > 0.5 and y = 1, S(x, t) shows a finite value for x = ±t consistent with the result that the persistence probability saturates to a constant value [5] . On the other hand, for z = y, for 0.85 < z < 1, where a non-Gaussian form is valid, we find that S(x = t, t) is vanishingly small indicating P (t) here goes to zero much faster than a power law decay. This is checked by evaluating P (t) directly (Fig. 10) . For the Voter model point z = 0.5, y = 1 also, S(t, t) is comparatively much smaller than the Ising case, consistent with the fact that persistence probability vanishes A diffusive walk arises when the spin flip probability is exactly 0.5. It can be easily shown that for a perfectly random configuration, the spin flip probability is indeed 0.5 independent of z and y. Hence a diffusive walk signifies that the system is in a disordered state. The dependence of the parameter β on z signifies how fast is the diffusion; obviously β is larger when the system is 'more' disordered (spin flip probabilities are closer to 1/2).
For y = 1, when z = 0, the spin flip probability is equal to 0.5 except for the fully aligned neighbourhood (all four neighbours in up/down state). Hence it is not surprising that the disordered state prevails for small z leading to a Gaussian form for S(x, t). A non-Gaussian form is obtained for z ≥ 0.5.
Along the line z = 0.5, for y < 1, the spins can flip with finite probabilities for all possible neighbourhoods, although the probability is not equal to 0.5 in general. Thus a disordered state is expected here and once again S(x, t) is found to be Gaussian.
We next discuss the results for the z = y line. For the limiting case z = y = 0, the flipping probabilities for spins are 0.5 irrespective of the configurations and the system will be disordered obviously. On the other hand, at z = y = 1, we have already observed a U shaped form for S(x, t). A change in the behaviour of S(x, t) may occur either at some intermediate point or right at z = 1. Indeed, we find that it occurs at an intermediate point as for z > z c ≃ 0.85, S(x, t) shows a double peaked form beyond z c .
We note a change in behaviour of S(x, t) along all the three lines studied. We claim that this change from a Gaussian to a non-Gaussian form signifies the existence of an order-disorder transition as was found in some thermally driven phase transitions. For z ≥ 0.5, y = 1, it is already known that an ordered region exists [5, 17] . In fact, except for the point z = y = 1 where frozen states occur with a finite probability, the ordered states are the consensus states (all up/ all down states). For y = 1, it is easy to see that the consensus state will be an absorbing state and hence the system will remain unchanged if it is reached, which happens at z ≥ 0.5.
For z = y, previously obtained results have shown that close to z c , an order-disorder phase transition indeed exists [17, 18] . The present authors have also studied the behavior of magnetisation which shows that ordered states exists beyond z c . Hence the change in behaviour of S(x, t) indeed signifies an order disorder transition consistent with earlier studies.
We next try to infer from the behaviour of S(x, t) whether the ordered state is an active state. Taking α = 1 it has been possible to get a data collapse for S(x, t) in the region z > 0.5, y = 1 very accurately which indicates it is an absorbing state agreeing with earlier studies [5] . On the other hand, for z = y, the data collapse with α = 1 beyond z c is only approximately valid.
It is easy to check that for z = y = 1, even when the system is fully ordered, the spins can flip with a finite probability equal to (1 − z)/2. A single spin flip will give rise to four active bonds (an active bond is defined as a pair of neighbouring spins with opposite orientation) in a uniform background of like spins. Indeed the results for the density of active bonds A t and spin flips S t as functions of time are consistent with this picture as even very close to z = 1, finite values of A t and S t exist, which have order of magnitude higher than that compared to z = 1 (Fig. 11) . So the state is obviously an active state. However one cannot extract the information that there is an order-disorder transition at z c from the behaviour of A t and S t (there is no finite size effect also) while S(x, t) clearly indicates it.
Although the system does not go to an absorbing state for z = y > z c , since with α = 1 an approximate data collapse can be obtained, it appears that most of the spins remain in their states for large times. The snapshots (Fig.  12 ) support this picture as we find that there are random and rare spin flips continuing in the system causing the deviation from a pure ballistic walk.
Hence S(x, t) successfully shows the existence of order disorder phase transitions along y = 1 and z = y. Also, that the ordered state is an absorbing state for z > 0.5, y = 1 is indicated by the fact that using α = 1 gives a much better scaling collapse for the curves compared to that for z = y ≥ 0.85 where an active state exists. One can also attempt to explain the crossover behavior of S(x, t) in the Voter model. At earlier times a single peaked non-Gaussian behavior has been observed. Clearly, the system is not completely disordered so a Gaussian behavior is absent. The peak at earlier times which occurs at the origin apparently signifies that a considerable number of spins randomly flip till time τ 0 although the system is not completely disordered. Beyond τ 0 , ordering is the dominant phenomenon. It may be conjectured that this crossover occurs when the surface noise becomes dominant over the bulk noise, a well studied phenomenon for the voter model [23] . Thus the recurrent behavior of the walks disappears and S(x, t) becomes double peaked at large times.
The width of the Gaussian distribution functions obtained along both the lines 0 ≤ z < 0.5; y = 1 and z = 0.5, y < 1 shows a power law divergence close to the Voter model point. However, the divergences occur with different exponents; this may be connected to the different roles played by the two noise factors also.
V. SUMMARY AND CONCLUSIONS
In this paper, a virtual walk in the so called spin space was considered for a family of two dimensional classical spin models termed as generalised voter models. The nature of the walks depends strongly on the parameters chosen but in general it could be fit to a form given by Eq. (2). Either α = 0.5 representing a diffusive walk or α ≃ 1 signifying a (nearly) ballistic walk is obtained for the different regions in the parameter space of the model. The voter model is an exception and showed a unique behavior for which a universal scaling behavior could not be obtained using any simple form. Moreover, it shows an interesting crossover behaviour and the presence of two time scales. Interestingly, these two time scales show the same type of scaling as the consensus time of the Voter model. The fact that τ 0 , the transient time scales as L 2 log L indicates that this crossover is not a finite size effect. The Voter model can be mapped to a system of coalescing random walkers, and the existence of the crossover may be a reflection of the fact that for random walks, the upper critical dimension is two.
We note that S(x = t, t) is proportional to the persistence probability and this was verified for several of the models. It was also found that order-disorder transitions can be detected from the change in behavior of S(x, t). Further, whether the ordered state is an active state or an absorbing state can be conjectured.
In conclusion, the coarsening dynamics for some classical spin models have been studied regarding spins as walkers in a manner similar to some earlier studies. It is possible to extract important information from the distribution of the distance travelled by the walker which is related to the difference in time spent with different spin states. The connection with persistence behaviour is obvious. Order disorder transition in certain cases can be detected more efficiently compared to other dynamical variables. Even in the disordered region, power law divergences in the width are noted which appear with nontrivial exponents.
